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Abstract 

We prove that the quadratic second quantization of an operator p 
on L 2 (M. d ) H L°° (M. d ) is an orthogonal projection on the quadratic Fock 
space if and only if p = A4 XI , where M. Xl is a multiplication operator 
by a characteristic function xi- 

1 Introduction 

The renormalized square of white noise (RSWN) was firstly introduced by 
Accardi-Lu-Volovich in |AcLuVo] . Later, Sniady studied the connection be- 
tween the RSWN and the free white noise (cf [Snj). Subsequently, its relation 
with the Levy processes on real Lie algebras was established in [AcF rSkj. 

Recently, in |AcDhlj - [AcDh2] . the authors obtained the Fock represen- 
tation of the RSWN. They started defining the quadratic Fock space and 
the quadratic second quantization. After doing that, they characterized the 
operators on the one-particle Hilbert algebra whose quadratic second quanti- 
zation is isometric (resp. unitary). A sufficient condition for the contractivity 
of the quadratic second quantization was derived too. 

It is well known that the first order second quantization Ti{p) of an 
operator p, defined on the usual Fock space, is an orthogonal projection 
if and only if p is an orthogonal projection (cf [Par]). Within this paper, 
it is shown that the set of orthogonal projections p, for which its quadratic 
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second quantization T 2 (p) is an orthogonal projection, is quite reduced. More 
precisely, we prove that T 2 (p) is an orthogonal projection if and only if p is 
a multiplication operator by a characteristic function \ii I C R d . 

This paper is organized as follows. In section [2j we recall some main 
properties of the quadratic Fock space and the quadratic second quantization. 
The main result is proved in section [3J 

2 Quadratic Fock functor 

The algebra of the renormalized square of white noise (RSWN) with test 
function Hilbert algebra 

A := L 2 (R)nL°°(R) 

is the *-Lie- algebra, with central element denoted 1, generators , Bh,N g , f,g,h£ 
L 2 (R d ) n L°° (R d ) } , involution 

(B+)* = B f , N) = N f 

and commutation relations 

[B f , B+] = 2c{f, g) + 4N fg , [N a , B+] = 2B+ (1) 

[B+,B+] = [B fl B g } = [N a) N a ,} = ^ 

for all a, a', f,ge L 2 (M. d ) n L°°(R d ). 

The Fock representation of the RSWN is characterized by a cyclic vector 
$ satisfying 

B f § = N g <$> = 
for all f,ge L 2 (R d ) n L°°(R d ) (cf [AcAmFr] . [AcFrSk] ). 

2.1 Quadratic Fock space 

In this subsection, we recall some basic definitions and properties of the 
quadratic exponential vectors and the quadratic Fock space. We refer the 
interested reader to |AcDhlj - [AcDh2] for more details. 

The quadratic Fock space T 2 (L 2 (R d ) fl L°°(R d )) is the closed linear span 
of {5+ n $, n e N, / E L 2 (R d ) n L°°(R d )}, where 5+°$ = $, for all / G 
L 2 (R d ) n L°°(M d ). From [AcDh2j it follows that T 2 (L 2 (R d ) n L°°(R d )) is an 
interacting Fock space. Moreover, the scalar product between two n-particle 
vectors is given by the following (cf |AcDhlj ). 
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Proposition 1 For all f,ge L 2 (R d ) n L°°(R d ), one has 

n ~~ 1 | / i \ | 

(5, $,5 9 $) - c^2 (( fc _ )!)2 (/ ,5 ) 

fc=0 u 7 ; 

The quadratic exponential vector of an element / G L 2 (M. d ) R L°°(R d ), if 
it exists, is given by 

z --' n! 

n>0 

where by definition 

^r(O) = 5+°$ = $. (2) 

It is proved in [AcDhlj that the quadratic exponential vector ^f(f) exists 
if and only if ||/||oo < §■ Furthermore, the scalar product between two 
exponential vectors, \&(/) and *&{g), is given by 

(*(/), = e^VMi-^/MffM)*', (3) 

Now, we refer to [AcDhlj for the proof of the following theorem. 

Theorem 1 The quadratic exponential vectors are linearly independents. 
Moreover, the set of quadratic exponential vectors is a total set in T2(L 2 (M. d )r\ 
L°°(R d )). 



2.2 Quadratic second quantization 

For all linear operator T on L 2 (R d ) n L°°(lR d ), we define its quadratic second 
quantization, if it is well defined, by 



r 2 (T)*(/) = vfr(TJ) 

for all / E L 2 (R d ) n L°°(lR (i ). Note that in [AcDh2j . the authors have proved 
that r 2 (T) is well defined if and only if T is a contraction on L 2 (R d )nL°°(R d ) 
with respect to the norm ||.||oo- Moreover, they have given a characterization 
of operators T on L 2 (M. d ) D L°°(IR d ) whose quadratic second quantization is 
isometric (resp. unitary). The contractivity of r 2 (T) was also investigated. 
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3 Main result 

Given a contraction p on L 2 (R d ) D L°°(R d ) with respect to ||.||oo, the aim of 
this section is to prove under which condition ^(p) is an orthogonal projec- 
tion on T 2 (L 2 (R d ) n L°°(R d )). 

Lemma 1 For all f,g G L 2 (M d ) n L°°(lR d ) ; one bos 

(Bp*, Bp*) =n\— t J^(Vif)^(Vig)). 

Proof. Let f,gE L 2 (R d ) n L°°(R o! ) such that H/IU > and I^IU > 0. 
Consider < t < 5, where 

1. 

4 V II f 112 ■ I, ,||2 



oo II j II oo 



It is clear that ||v^/||oo < \ an d 1 1 Vig I loo < \- Moreover, one has 



m>0 



Note that for all m > n, one has 

d n / t m 



m \ t m-n 



(m!) 2 (m — n)\ ' 

jsn—n 



- — -(B+^,B^). 

m!(m — n)! y 

Put 

Ira-n 

m\[m — n)\ 1 y 
Then, from Proposition Q], it follows that 

m-1 ./ 1 v. 

Er,2fc+1 |n ,fc+l||2|| R +(m-fe-l) . ,,2 

2 ((m-A;-l)!) 2lll/ y|5 / $l1 



c 

fe=i 
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+2mc||/||^||5 / +(m - 1) $|| 2 

m-2 

c ^ 22fc+ a m(m-l) +(( ^ 1) . fc _ 1)$a 
^ ((("i- 1) - k- l)!) 2 7 

+2mc||/|| 2 ||S / +(m - 1) $|| 2 



fc=0 

+((m-l)-fc-l)^i|2" 



But, one has 



I +(^-1)^1,2 _ „>y^o2fc+i (m-l)!(m-2)! f fc+iii2|| o+((w-i)-fe-i) A ,|2 
Therefore, one gets 



||5+ m $|| 2 < [4m(m-l)||/|| 2 + 2m||/|| 2 j||S; (m - 1) $|| 2 . 
This proves that 

K m < y/4m(m - + 2m||/|| 2 y/4m(m - 1)]^^ + 2m||< 7 || 2 ^ 



K m ^i m{m — n) 

It follows that 

lim -p^<A\\f\\ 00 \\g\\ 00 5 <l. 
Hence, the series Yl m converges. Finally, we have proved that 

Jn -im—n 

m>n K ' 

Thus, by taking t = in the right hand side of (j3J), the result of the above 
lemma holds. □ 
As a consequence of the above lemma, we prove the following. 

Lemma 2 Let p be a contraction on L 2 (R d ) R L°°(IR d ) with respect to the 
norm ||.||oo- If F 2 {p) is an orthogonal projection on r 2 (L 2 (IR rf ) D L°°(R d )), 
then one has 

for all f, ge L 2 (R d ) n L°°(R d ) and alln>\. 
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Proof. It T 2 (p) is an orthogonal projection on T 2 (L 2 (W l ) fl L°°(IR d )), then 
^(Vtp(f))^(Vt P (g))} = (*(V~t P (f))MVig)) = (^(Vtf)^(Vtp(g))} (5) 

for all /, g G L 2 (R d ) n L°°(R d ) (with WfW^ > and WgW^ > 0) and all 
< t < 8 such that 

Therefore, the result of the above lemma follows from Lemma [T] and identity 

©• □ 
Lemma [2] ensures that the following result holds true. 

Lemma 3 Let p be a contraction on L 2 (R d ) fl L°°(R d ) with respect to the 
norm ||.||oo- If F 2 (p) is an orthogonal projection on T 2 (L 2 (R d ) fl 
then one has 

((p(f)T, (P(g)) n ) = (f n , (P(g)) n ) = Mm g n ) (6) 

for all f, ge L 2 (R d ) n L°°(R d ) and alln>\. 

Proof. Suppose that T 2 (p) is an orthogonal projection on T 2 {L 2 {R d ) fl 
L°°(R d )). Then, in order to prove the above lemma we have to use induction. 

- For n = 1 : Lemma [2] implies that 

N p(/) ' p(g) 1 N ' 9 I \ / ' p(g) ' 

for all /, # G L 2 (R d ) n Using the fact that 5/$ = for all / G 

L 2 (R d ) fl L oc (]R c( ) and the commutation relations in (CD) to get 

( B P(f)®> B P( 9 )®) = (*,B p{f) B+ g) <t>) = 2c(p(f),p(g)) 
(B+^B+Q) = (<S>,B p{f) B+<S>) = 2c(p(f),g) 

(B+$,B+ g) <S>) = (*,B f B+ g) *)=2c{f,p(jg)). 

This proves that identity (EJ) holds true for n = 1. 

- Let n > 1 and suppose that identity ([6]) is satisfied. Then, from Lemma 
El it follows that for all /, g G L 2 (M d ) n one has 
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Identity (|7|) and Proposition [T] imply that 

= 2 2n+3 cnKn + l)\(( P (f)r\(p(g)T^) 

+c g 22fc+1 n!(n + 1)! ( W)) n-i fr^H-i) 
^ ((n-A;)!) 2 

= 2 2n+3 C n!(r i + l)!(r +1 ,(p(^)r +1 ) 

+ c £ 22fc+1 f^^!^ </" +1 ' (^(^)) fc+1 > (8) 

= 2 2n+3 cn\{n + l)\({p{f)) n+1 ,g n+1 ) 



n-l 



+=E 22l+1 ^)^<w/))' +1 .s i+1 ) 

(^-"#,B s + ("-"*>. 
Note that by induction assumption, one has 

(W)) k+1 , (P(g)) k+1 ) = (f k+1 , (P(g)) k+1 ) = (W)) k+1 ,g k+1 ) (9) 

for all k = 0, . . . , n — 1. Therefore, from Lemma [2] and identity (jSJ), one gets 
" _J .nhn + l)! 



fc=0 
n-l 



fc=0 



((n - A;)!) 2 
1)! 

((n - A;)!) 2 



Finally, from (jSj) one can conclude. □ 
Note that the set of contractions p on L 2 (M. d ) n L°°(IR d ) with respect to 
||.||oo, such that l^tj?) is an orthogonal projection on T 2 {L 2 (R d ) n L°°(IR d )), 
is reduced to the following. 
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Lemma 4 Let p be a contraction on L 2 (M. d ) D L°°(R d ) with respect to the 
norm ||.||oo- If F 2 (p) is an orthogonal projection on T 2 {L 2 (M. d ) D L°°(R d )) ; 

p(/) = K7)- 

/or a// / £ L 2 (R d ) nL°°(R d ). 

Proof. Let p be a contraction on L 2 (M. d ) D L°°(R d ) with respect to the norm 
|| . || oo such that T 2 (p) is an orthogonal projection on r 2 (L 2 (R d ) fl L°°(R d )). 
Then, from Lemma [3] it is clear that p = p* = p 2 (taking n — 1 in (|6])). 
Moreover, for all fij 2 ,gi,g 2 e L 2 (R d ) n L°°(R d ), one has 

((p(/i + / 2 )) 2 , (oi + ^ 2 ) 2 ) = ((p(/i + / 2 )) 2 , + o 2 )) 2 ). 
It follows that 

<(p(/i)) 2 , <7? + <? 2 2 > + ((p(/ 2 )) 2 , gl + gl) + Mp(fi)p(f2),gm) 

= ((P(h)) 2 , (P(gi)) 2 + (P(g2)) 2 ) + <(p(/ 2 )) 2 , (P(gi)) 2 + to)) 2 ) (10) 

+Mp(fi)p(f2),p(gi)p(g2)). 

Then, using (|6]) and fTXO]) to obtain 

(p(/i)p(/2),si<fe) = (p(A)K/2),K<7iM<?2)> (ii) 

for all Ji, / 2 , ft^e L 2 (R d )nL°°(R d ). Now, denote by A4 a the multiplication 
operator by the function a £ L 2 (R d ) fl L°°(R d ). Then, identity (JTTj) implies 
that 

for all fi,f 2 ,gi,g2 £ L 2 (R d ) n L°°(R d ). This gives that 

M p{h)g - 2 p = pM p{h) ^p (12) 
for all / 2 , o 2 e L 2 (R d ) n L 00 (R d ). Taking the adjoint in flTJJ), one gets 

Note that, for all £ L 2 (R d ) n L°°(R d ), identity flT2]) implies that 

M pU) - g p = pM p{f)W) p. (14) 
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Moreover, from (I13p . one has 

P M vU)W)P = P M fWY ( 15 ) 
Therefore, identities (JHj) and (fT5l) yield 

M pU) - g p = pM fW) (16) 

for all /, <? G L 2 (R d ) n L°°(M d ). Hence, for all f,g,h e L 2 (R d ) n L°°(M d ), 
identity (TTB1) gives 

P(fpjgjh)=p(f)gp(h). (17) 
Taking f = g = p(h) in ([IE]) to get 

Af|p(fc)|aj? = J?.M|p(ft)|a. (18) 

Then, if we put f = h = p(g) in ffTTl) . one has 

p(p(g)p(g) 2 ) = p(\p(g)\ 2 p(g)) = (p(g)) 2 g- 



But, from (TlBl) . one has 

P{\p{g)?p{g)) = {pM\ p{g)V ){p{g)) = M\ p{g)? p{p{g)) = \p(g)\ 2 p(g). 
Hence, one obtains 

\p(g)\ 2 p(g) = (p(g)) 2 g (is) 

for all g e L 2 (R d )f] L°° (R d ) . Now, let g be a real function in L 2 (R d )f]L 00 (R d ). 
So, the polar decomposition of p(g) is given by 

p(g) = \p(g)\e Wp{9) ■ 

Thus, identity CHI implies that 

|p(0)|V-*-Gfl = |pfo)|V 

This proves that for all x G R d , 9 p ( g )(x) = k x 7i, k x G Z. Therefore, p(g) is a 
real function. Now, taking / = fx + if 2 G L 2 (M d ) n L°°(lR d ), where fi, f 2 are 
real functions on R d . It is clear that 



P(f) = P(fi - 1/2) = KA) + W2) = P(/)- 

This completes the proof of the above lemma. □ 
As a consequence of Lemmas [3] and H] we prove the following theorem. 



9 



Theorem 2 Let p be a contraction on L 2 (R d ) D L°°(M. d ) with respect to the 
norm ||.||oo- Then, T(p) is an orthogonal projection on T 2 (L 2 (M. d ) nL°°(R d )) 
if and only if p = M. Xl , where M. Xl is a multiplication operator by a charac- 
teristic function xi, I C M. d . 

Proof. Note that if p = Ai Xl , I C M d , then from identity (j3J) it is clear that 

= (* 2 (/),* 2 (p(0))) 

for all f,ge L 2 (R d ) n L°°(E d ) such that H/IU < \ and < |. Hence, 

T 2 (p) is an orthogonal projection on T 2 (L 2 (M d ) fl L°°(IR d )). 

Now, suppose that T 2 (p) is an orthogonal projection on T 2 (L 2 (M d ) fl 
L OD (R d )). Then, Lemma S implies that 

((p(f)T, (p(g)T) = (f n ,(p(g)T) = ((p(f)T,g n ) 

for all f,ge L 2 (R d ) n L°°(M d ) and all n > 1. In particular, if n = 2 one has 

((p(A + / 2 )) 2 ,/) = ((A + / 2 ) 2 ,(^)) 2 ) 

for all f u f 2 , g e L 2 (R d ) n L 00 (M d ). This gives 

((p(A)) 2 , <? 2 } + WfMh),!?) + ((p(/ 2 )) 2 , </ 2 > 

= (A 2 , (P(S)) 2 > + 2<A/ 2 , G%)) 2 > + ((h) 2 , (p(g)f). (20) 
Using identity ( 1201 and Lemma [3] to get 

Wi)p{h),g 2 ) = (hhMg)) 2 )- 

This yields 

/ /i(x)/ 2 (x)(^)) 2 (x)rfx= / pjh)(x)p(f 2 )(x)g 2 (x)dx. (21) 

But, from Lemma HJ one has p(7) = p(/), for all / e L 2 (M d ) n L°°(M d ). 
Then, identity fl2Tj) implies that 

(fl,M m) 2f 2 ) = (f ll (jpMg2 P )f 2 ) 
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for all f, g e L 2 (R d ) n L°°(R d ). Hence, one obtains 



M (p(g)) 2 = P M g 2 P- 



(22) 



In particular, for g = \i where I C R , 



one has 



(23) 



If / tends to R d , the operator M XI converges to id (identity of L 2 {R d ) n 
L°°(R d )) for the strong topology. From (1251) . it follows that 



for all / G L 2 (M d ) D L°°(R d ). But, the set of multiplication operators is a 
closed set for the strong topology. This proves that p = A4 a , where a G 
L 2 (M. d ) H L°°(IR d ). Note that p = p 2 is a positive operator. This implies that 
a is a positive function. Moreover, one has p n = p for all n G N*. This gives 
M a ™ = M a for all neW. It follows that a n = a for all n G N*. Therefore, 
the operator a is necessarily a characteristic function on M. d . □ 
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